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Abstract
We discuss a cosmological phase transition within the Standard Model which incorporates spon-
taneously broken scale invariance as a low-energy theory. In addition to the Standard Model
fields, the minimal model involves a light dilaton, which acquires a large vacuum expectation
value (VEV) through the mechanism of dimensional transmutation. Under the assumption of
the cancellation of the vacuum energy, the dilaton develops a very small mass at 2-loop order.
As a result, a flat direction is present in the classical dilaton-Higgs potential at zero tempera-
ture while the quantum potential admits two (almost) degenerate local minima with unbroken
and broken eletroweak symmetry. We found that the cosmological electroweak phase transition
in this model can only be triggered by a QCD chiral symmetry breaking phase transition at
low temperatures, T . 132 MeV. Furthermore, unlike the standard case, the universe settles
into the chiral symmetry breaking vacuum via a first-order phase transition which gives rise
to a stochastic gravitational background with a peak frequency ∼ 10−8 Hz as well as triggers
the production of approximately solar mass primordial black holes. The observation of these
signatures of cosmological phase transitions together with the detection of a light dilaton would
provide a strong hint of the fundamental role of scale invariance in particle physics.
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1 Introduction
Scale invariance provides an attractive framework for addressing the problem of the origin of
mass and hierarchies of mass scales. In this framework, quantum fluctuations result in an
overall mass scale via the mechanism of dimensional transmutation [1], while dimensionless
couplings are responsible for generating mass hierarchies. The dimensionless couplings in the
low-energy sector of the theory are only logarithmically sensitive to the high-energy sector
and can be naturally small in the technical sense [2–4]. If high-energy and low-energy sectors
interact via feeble interactions, the breaking of scale invariance in the higher energy sector
would proliferate in the low-energy sector resulting in a stable mass hierarchy between the two
[for an incomplete list of recent works, see [5,7]]. The above scenario is signified by the fact that
scale (conformal) invariance is indeed an essential symmetry in string theory that is believed
to provide a consistent ultraviolet completion of all fundamental interactions including gravity.
Recently, two of us have proposed a minimal extention of the Standard Model which in-
corporates spontaneously broken scale invariance as a low energy effective theory [8]. In this
approach, non-linearly realised scale invariance is introduced by promoting physical mass pa-
rameters (including the ultraviolet cut-off Λ) to a dynamical dilaton field. The dilaton field
develops a large vacuum expectation value (VEV) via the quantum mechanical mechanism of
dimensional transmutation. The dilaton-Higgs interactions then trigger the electroweak sym-
metry breaking and generate a stable hierarchy between the Higgs and dilaton VEVs. As a
result of the spontaneous breaking of anomalous scale symmetry, the dilaton develops a mass
at two loop level, which can be as small as ∼ 10−8 eV (for a dilaton VEV of the order the
Planck scale, ∼MP ∼ 1019 GeV). In addition, the Higgs-dilaton potential displays a nearly flat
direction.
The formalism of hidden scale invariance is rather generic and can be applied to other
effective field theory models, with essentially the same predictions regarding the light dilaton
and the Higgs-dilaton potential [9]. Due to these generic features it is interesting to investigate
the cosmological phase transition in effective theories with hidden scale invariance. This is the
purpose of the present paper.
Witten has pointed out a long time ago [10] that in the Standard Model with Coleman-
Weinberg radiative electroweak symmetry breaking, the cosmological electroweak phase tran-
sition is strongly first-order. The electroweak phase transition is aided by the QCD quark-
antiquark condensate and hence occurs at low temperatures, namely around the temperature
of the QCD chiral phase transition. See also the follow up work which also introduces the
dilaton field [11]. Although these models are no longer phenomenologically viable, one may
consider their extensions which exhibit the same features for some range of parameters [12].
We will argue below, that within the framework of hidden scale invariance, the electroweak
phase transition is necessarily triggered by QCD chiral phase transition and is completed at a
low temperature ∼ 130 MeV. Unlike the previously discussed models, we find that the Higgs
field transitions to the electroweak vacuum via a second-order phase transition, while the chi-
ral phase transition becomes first-order. The later phase transition leads to the generation of
stochastic gravitational waves in the ∼ 10−8 Hz frequency range, which are potentially observ-
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able using pulsar timing technique, e.g. at the Square Kilometre Array (SKA) observatory [13].
In addition, production of primordial solar mass black holes are expected during that phase
transition.
The paper is organised as follows. In the next section we describe the minimal Standard
Model with hidden scale invariance. Calculation of the thermal effective potential and a sub-
sequent analysis of the cosmological phase transition is given is section 3. The last section 4 is
reserved for conclusions.
2 The Standard Model with hidden scale invariance
Let us consider the Standard Model as an effective low energy theory valid up to an energy
scale, Λ, as introduced in [8]. In the Wilsonian approach, the ultraviolet cut-off Λ is a physical
parameter that encapsulates physics (e.g. massive fields) which we are agnostic of. The Higgs
potential defined at this ultraviolet scale reads:
V (Φ†Φ) = V0(Λ) + λ(Λ)
[
Φ†Φ− v2ew(Λ)
]2
+ ..., (1)
where Φ is the electroweak doublet Higgs field, V0 is a field-independent constant (bare cosmo-
logical constant parameter) and the ellipsis denote all possible dimension > 4 (irrelevant), gauge
invariant operators,
(
Φ†Φ
)n
, n = 3, 4.... The other bare parameters include the dimensionless
couplings λ(Λ) and a mass dimension parameter vew(Λ) namely the bare Higgs expectation
value. In principle, this potential has an infinite number of nonrenormalisable operators and
Λ-dependent parameters must fully encode the physics beyond the Standard Model. In prac-
tice, however, we usually deal with a truncated theory, which is valid in the low-energy domain
only.
We assume now that a fundamental theory maintains spontaneously broken scale invariance,
such that all mass parameters have a common origin. To make this symmetry manifest in our
effective theory, we promote all mass parameters to a dynamical field χ, the dilaton, as follows:
Λ→ Λ χ
fχ
≡ αχ, v2ew(Λ)→
v2ew(αχ)
f 2χ
χ2 ≡ ξ(αχ)
2
χ2, V0(Λ)→ V0(αχ)
f 4χ
χ4 ≡ ρ(αχ)
4
χ4 , (2)
where fχ is the dilaton decay constant. Then, Eq. (1) turns into the Higgs-dilaton potential,
V (Φ†Φ, χ) = λ(αχ)
[
Φ†Φ− ξ(αχ)
2
χ2
]2
+
ρ(αχ)
4
χ4 . (3)
This potential is manifestly scale invariant up to the quantum scale anomaly, which is engraved
in the χ-dependence of dimensionless couplings1. Indeed, the Taylor expansion around an
arbitrary fixed scale µ reads:
λ(i)(αχ) = λ(i)(µ) + βλ(i)(µ) ln (αχ/µ) + β
′
λ(i)(µ) ln
2 (αχ/µ) + ..., (4)
1In this we differ substantially from the so-called quantum scale-invariant SM [14]. In their approach, the SM
is extrapolated to an arbitrary high energy scale and regularized by invoking dilaton-dependent renormalization
scale, µ = µ(χ)
2
where λ(i) ≡ (λ, ξ, ρ) and
βλ(i)(µ) =
∂λ(i)
∂ lnχ
∣∣∣∣
αχ=µ
, (5)
is the renormalisation group (RG) β-functions for the respective coupling λ(i) defined at a scale
µ, while β′
λ(i)
(µ) = ∂
2λ(i)
∂(lnχ)2
∣∣∣
αχ=µ
, etc. For convenience, we fix the renormalisation scale at the
cut-off scale Λ, which is defined through the dilaton VEV as 〈χ〉 ≡ vχ, i.e. µ = Λ = αvχ. Note
that while the lowest order contribution in β-functions is one-loop, i.e. ∼ O(~), n-th derivative
of β is nth order in the perturbative loop expansion, ∼ O(~n).
The extremum condition dV
dχ
∣∣∣
Φ=〈Φ〉,χ=〈χ〉
= 0 together with the phenomenological constraint
on vacuum energy V (vew, vχ) = 0, lead to the following relations:
ρ(Λ) = 0 , βρ(Λ) = 0 . (6)
One of the above relations can be used to define the dilaton VEV (dimensional transmutation)
and another represents the tuning of the cosmological constant. The second extremum condition
dV
dΦ
∣∣
Φ=〈Φ〉,χ=〈χ〉 = 0 simply sets the hierarchy of VEVs:
ξ(Λ) =
v2ew
v2χ
. (7)
In the classical limit when all the quantum corrections are zero, i.e., βλ(i) = β
′
λ(i)
= ... = 0, the
above vacuum configuration represents a flat direction of the Higgs-dilaton potential (3). The
existence of this flat direction is, of course, the direct consequence of the assumed classical scale
invariance. In this approximation, the dilaton is the massless Goldstone boson of spontaneously
broken scale invariance. The flat direction is lifted by quantum effects and, as we will see below,
by thermal effects in the early universe. Note, however, that the dilaton develops a (running)
mass in our scenario at two-loop level [8] (see also [15]),
m2χ '
β′ρ(Λ)
4ξ(Λ)
v2ew , (8)
while the tree-level Higgs mass is given to a high accuracy by the standard formula: m2h '
2λ(Λ)v2ew. Note that β
′
ρ ∝ ξ2 and hence the dilaton is a very light particle, mχ/mh ∼
√
ξ.
To verify whether the above scalar field configurations correspond to a local minimum of
the potential one must evaluate the running masses down to low energy scales. The relations in
Eq. (6) provide non-trivial constraints here. In Figure 1, we have presented our analysis based
on solutions of the relevant (one-loop) RG equations (see the appendix section in Ref. [8]). The
shaded region in the Λ−mt plane corresponds to a positive dilaton mass squared (minimum of
the potential) and the solid curve shows the cut-off scale Λ as a function of the top-quark mass
mt for which the conditions in Eq. (6) are satisfied. Hence, within the given approximation, we
find that the model is phenomenologically viable for mt . 169 GeV and mt & 173 GeV with
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Figure 1: Plot of the allowed range of parameters (shaded region) with m2χ(vew) > 0, i.e., the
electroweak vacuum being a minimum. The solid line displays the cut-off scale Λ as function of the
top-quark mass mt for which the conditions in Eq. (6) are satisfied.
the cut-off scale accordingly predicted to be Λ . 1019 GeV and & 1021 GeV respectively. We
note that the upper values are within the allowed experimental range for the top quark mass,
mt = 173.34± 0.27(stat)± 0.71(syst) GeV [6]. Assuming vχ ≈ Λ (α ≈ 1), the dilaton mass for
the Planck scale cut-off is predicted to be mχ ≈ 10−8 eV. This prediction for the ultraviolet
scale Λ, however, should be taken as indicative only. Indeed, besides high-loop corrections, the
actual matching conditions (threshold effects) between low energy couplings and couplings in
the ultraviolet completion of the Standard Model may affect the above predictions significantly
(see, e.g., examples in Ref. [16]). However, these details of the evaluation of coupling constants
at high energy scales are not essential for the purpose of the present study of electroweak phase
transition. In what follows we assume Λ = MP ≈ 1019 GeV in our numerical calculations.
Another important observation is that, the potential energy densities evaluated at the origin
and at the electroweak minimum are equal, V (0, 0) ' V (vew, vχ). This is readily seen for the
potential evaluated at the cut-off scale Λ, see Eqs. (3) and (6, 7). Then, since the vacuum energy
density does not depend on the renormalisation scale [17], the trivial and electroweak vacuum
states must be degenerate at any given low energy scale. This has an important ramification for
the cosmological phase transition - the critical temperature of the electroweak phase transition,
Tc, defined as the temperature where the two minima are degenerated, is Tc = 0. Hence, the
premature conclusion is disastrous for our model: no electroweak phase transition is possible.
However, as it will be shown in the next section, as the universe cools down QCD chiral
symmetry breaking happens such that the quark-antiquark condensate triggers the electroweak
symmetry breaking and the Higgs field relaxes in its electroweak symmetry breaking vacuum
configuration.
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3 The electroweak phase transition
In this section, we discuss the electroweak phase transition within the scale-invariant Standard
Model described above. To this end, we adopt the standard method (for a review see, e.g.,
Ref. [18]), treating the potential in Eq. (3) evaluated at the cut-off scale Λ as a tree-level po-
tential, as is common for Wilsonian effective theories. A notable difference from the standard
formalism is the presence of the dilaton-dependent dynamical cut-off in our case. The standard
quadratic divergent term ∝ Λ2, which are renormalised away within the standard calculations,
and quartic (field-independent) divergent terms ∝ Λ4, which are typically ignored altogether,
become now ∝ χ2 and ∝ χ4. Purely quantum (temperature-independent) corrections of this
sort can be absorbed in the redefinition of the tree-level couplings in Eq. (3). The temperature-
independent logarithmic terms ∝ lnχ2 in our calculations do exactly reproduce the standard
zero temperature Coleman-Weinberg quantum corrections. As discussed in the previous sec-
tion, quantum corrections break explicitly scale invariance and give rise to the dilaton mass at
two-loop level. Therefore, in the early universe they are subdominant compared to the thermal
corrections (especially along the classical flat direction), which also break scale invariance ex-
plicitly. Thus, we can safely ignore the quantum corrections in what follows. The leading high
temperature expansion of the effective finite temperature Higgs-dilaton potential then reads:
VT (h, χ) =
λ(Λ)
4
[
h2 − v
2
ew
v2χ
χ2
]2
+ c(h)pi2T 4 − λ(Λ)
24
v2ew
v2χ
χ2T 2 +
1
48
[
6λ(Λ) + 6y2t (Λ) +
9
2
g2(Λ) +
3
2
g′2(Λ)
]
h2T 2 (9)
where h is the neutral, CP-even component of the Higgs doublet, Φ =
(
0, h/
√
2
)T
and c(h)
is a number of relativistic degrees of freedom, which are in thermal equilibrium at T . The
parameter c(h) has implicit h dependence, through the relation mi(h) < T , where mi(h) are
h-dependent masses for Standard Model fields. Only dominant thermal fluctuations of heaviest
Standard Model fields (i = W±, Z, h, t) are taken into account and the relations (6) and (7) are
employed when deriving Eq. (9)
To proceed further, we first eliminate the dilaton field by solving its equation of motion,
∂VT/∂χ = 0, which implies at leading order:
χ2 ≈ v
2
χ
v2ew
(
h2 +
T 2
12
)
. (10)
Note that if we set the temperature to zero, the above equation displays the flat direction of
the zero temperature classical potential. Hence, the T 2 term is the leading contribution from
thermal fluctuations that breaks scale invariance explicitly. Plugging in (10) back into (9), we
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obtain the finite temperature potential in terms of the Higgs field only:
VT (h, χ(h)) =
[
c(h)pi2 − λ(Λ)
576
v2ew
v2χ
(2 + v2ew/v
2
χ)
]
T 4
+
1
48
[
4λ(Λ) + 6y2t (Λ) +
9
2
g2(Λ) +
3
2
g′2(Λ)
]
h2T 2 (11)
As expected in this approximation, the temperature independent terms vanish due to the
flatness of the classical potential. We verified numerically that 4λ(Λ) + 6y2t (Λ) +
9
2
g2(Λ) +
3
2
g′2(Λ) > 0 and therefore the curvature of the effective potential (11) at the origin h = 0 is
positive. Hence, h = 0 is a minimum of the effective potential and is separated from another
local minimum, which corresponds to the electroweak symmetry breaking configuration of the
Higgs field by the temperature dependent barrier. Furthermore, this barrier persists down to
T = 0 due to the two (and higher) loop quantum corrections with, as it has been discussed early,
two vacuum states being degenerated in energy. We stress again that this generic prediction
of the model is largely independent on its ultraviolet completion and would imply that the
universe is stuck in the trivial symmetric minimum.
However, the above picture is actually altered as the universe cools down to temperatures
where QCD interactions become strong and various composite states start to form. As the
universe remains in the symmetric phase h = 0, all quarks (and other Standard Model particles)
are massless at that epoch. Hence, the SU(6)L × SU(6)R chiral symmetry in the quark sector
must be exact and it gets spontaneously broken once QCD quark-antiquark condensate forms.
Part of the SU(6)L×SU(6)R chiral symmetry is actually gauged and represents SU(2)×U(1)
electroweak symmetry. Therefore, the quark-antiquark condensate also breaks the electroweak
symmetry and results in generation of small masses for the W± and Z gauge bosons. The
finite temperature quark-antiquark condensate, 〈q¯q〉T has been computed within the chiral
perturbation theory with N massless quarks in [19]:
〈q¯q〉T = 〈q¯q〉
[
1− (N2 − 1) T
2
12Nf 2pi
− 1
2
(N2 − 1)
(
T 2
12Nf 2pi
)2
+O ((T 2/12Nf 2pi)3)
]
, (12)
where 〈q¯q〉 ≈ −(250 MeV)3 is the zero temperature condensate and fpi ≈ 93 MeV is the pion
decay constant. From Eq. (12) we can infer that for N = 6 the critical temperature of the
chiral symmetry breaking phase transition, defined by 〈q¯q〉Tc = 0, is equal to Tc ≈ 132 MeV.
The condensate (12) would generate a linear term in the effective potential through the quark-
Higgs Yukawa interactions: yq〈q¯q〉Th/
√
2, where yq is the Yukawa coupling of q−type quark.
It should be stressed that while all terms in the effective potential Eq. (11) diminish as T
decreases, the magnitude of the linear term increases. The extremum condition is modified as:
yq〈q¯q〉T/
√
2 +
∂VT
∂h
= 0 , (13)
and it is clear that the local minimum shifts from the origin h = 0 to non-zero values of h.
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Figure 2: VT (h)− VT (0) for different temperatures below the chiral phase transition.
We have analysed the evolution of the local minimum numerically by employing the full
finite temperature effective potential (see Appendix 4). Just below the critical point of the
chiral phase transition at Tc, the QCD condensate term is small and a non-zero minimum, h0
does emerge near h = 0 (see Figure 2). This minimum is separated by a potential barrier from
another local minimum that later evolves into the eletroweak vacuum. This minimum exists
for 127 GeV ≤ T ≤ 132 GeV. In this range of temperatures, the top quark remains relativistic
with mt(h0)
T
. 1. Below this range of temperatures, the contribution from |〈q¯q〉T | becomes large
enough such that the local minimum near the origin no longer occurs, indeed the first term in
Eq. (13) becomes larger than the second term. Subsequently, the Higgs field quickly runs down
classically the slope from near the origin towards the true electroweak breaking vacuum.
In contrast with the previous studies [12], the change of the Higgs field configuration dur-
ing this kind of phase transition is smooth and homogeneous, and does not proceed through
h−bubble nucleation. However, since the QCD phase transition precedes the electroweak one,
all the six flavours of quarks are massless during that process. There are theoretical argu-
ments [20], which are supported by numerical calculations [21], which suggest that the QCD
phase transition with N ≥ 3 massless quarks is first-order. If true, this may have interesting
cosmological consequences within our model as briefly outlined below.
First-order cosmological phase transitions are known to be a source of gravitational waves,
which are generated through the dynamics of vacuum bubbles. We can readily estimate the
characteristics of these gravitational waves during the first-order QCD phase transition dis-
cussed above. First, note that during the whole phase transition the universe is dominated by
radiation since the energy difference between the two vacua is due to the difference in ther-
mal energy (the ∝ c(h)T 4 term in Eq. (11)), which vanishes as T → 0. Therefore the peak
frequency (observed today) of the waves produced at Tc ≈ 132 MeV can be estimated as:
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f ∼ H(Tc)T0Tc ∼ TcT0MP ∼ 10−8 Hz (T0 ≈ 10−4 eV). The stochastic gravitational waves background
with such frequencies can potentially be detected by means of pulsar timing arrays [22]2, e.g.
with the SKA telescope [13].
Another interesting phenomenon associated with a first-order QCD phase transition is the
production of primordial black holes [24]. The mass of a horizon size black hole can be estimated
to be of the order of solar mass, Mbh ∼ 1H(Tc)GN ∼
M3P
T 2c
∼ 1065 eV ∼M. These are large enough
black holes to survive the Hawking evaporation until the present epoch and thus can contribute
to the total dark matter density. Finally, we also mention that our model may provide a
natural framework for the so-called cold baryogenesis [25]. The observation of such signatures
of a cosmological phase transition together with the detection of a light dilaton would provide
a strong hint of the fundamental role of scale invariance in particle physics.
4 Conclusion
In this paper we have studied a cosmological electroweak phase transition within the minimal
Standard Model with hidden scale invariance. The model predicts a light dilaton which very
feebly couples to the Standard Model fields. The Higgs-dilaton potential exhibits two degenerate
minima at zero temperature, therefore the electroweak phase transition can only be triggered
by the QCD chiral symmetry phase transition at T . 132 MeV. We found that the Higgs
field configuration changes smoothly during this transition, while the chiral symmetry breaking
is likely to be first-order. Consequently, gravitational waves with peak frequency ∼ 10−8 Hz
and stable primordial black holes of mass ∼ M are predicted to be produced during the
phase transition. We plan more detailed investigation of these phenomena in the forthcoming
publication [26].
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2Similar prediction has been made within a model based on a prolonged electroweak phase transition in
Ref. [23]
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A Calculation of the finite temperature effective poten-
tial
The contribution of a scalar field with field-dependent mass, m(h), to the thermal effective
potential with a 4-dimensional cut-off, ω2n + ~p
2 ≤ Λ2 is given by:
VT (h) =
1
2β
∫
|~p|≤Λ
d3p
(2pi)3
N∑
n=−N
log
(
1 +
m2(h)
ω2n + ~p
2
)
, (14)
where N =
⌊
β
2pi
√
Λ2 − ~p2
⌋
, β = 1
T
and ωn =
2npi
β
. Define
v(y) =
N∑
n=−N
log(n2 + y2) (15)
and ω2 = p2 +m2(h). The one-loop contribution then becomes
VT (h) =
1
2β
∫
|~p|≤Λ
d3p
(2pi)3
v
(
βω
2pi
)
− 1
2β
∫
|~p|≤Λ
d3p
(2pi)3
v
(
βp
2pi
)
. (16)
The difference of these integrals can thus be found by evaluating the first integral and discarding
any m-indepenedent terms. By using the fact that log(n2 + y2) = log(n+ iy) + log(n− iy), it
can be shown using the properties of Gamma functions as well as the Euler reflection formula
that:
v(y) = 2 log sinh piy + 4< log Γ(1 +N + iy) +m-independent terms. (17)
The first term of Equation 17, when integrated, yields:
1
2β
∫
|~p|≤Λ
d3p
(2pi)3
(
2 log sinh
(
βω
2
)
− 2 log sinh
(
βp
2
))
=
1
2pi2
[
1
8
m2Λ2 +
(
1
4
− log 2− log Λ
m
)
m4
16
+
1
β4
JB(m
2β2)
]
(18)
where terms with negative powers of Λ are ignored and
JB(m
2β2) =
∫ ∞
0
dxx2 log
[
1− e−
√
x2+β2m2
]
.
(In the above we take the upper integral limit to infinity, as contributions for large x to the
integral decay exponentially.) Using the Schwarz reflection principle and the Stirling formula,
the second term of Equation 17 can be expanded as
4< log Γ(1 + z) = 4<z log z + 2< log z + 1
3
<1
z
+O
(
1
z3
)
+m-independent terms. (19)
9
where z = N + iy. Integrating this, one finds that the corresponding contribution to Equation
16 is
2 log 2− 1
64pi2
m4 − 1
32pi2
m2Λ2 +O
(
1
βΛ
)
+O
(m
Λ
)
. (20)
The integration process is rather arduous, as N must be split into a continuous function and
a sawtooth function. One then takes advantage of the fact that the sawtooth function has a
small period to extract relevant terms of positive powers of Λ. Hence, adding equations 18 and
20 together, one obtains:
VT (h) =
1
32pi2
m2Λ2 − 1
128pi2
m4 − 1
32pi2
log
Λ
m
m4 +
1
2pi2
T 4JB(m
2/T 2) (21)
Similarly, for a fermion field, one obtains the contribution:
VT (h) = − 1
32pi2
m2Λ2 +
1
128pi2
m4 +
1
32pi2
log
Λ
m
m4 +
1
2pi2
T 4JF (m
2/T 2) (22)
where
JF (m
2β2) =
∫ ∞
0
dxx2 log
[
1 + e−
√
x2+β2m2
]
. Now, as Λ is proportional to χ in a scale invariant model, the first two terms of Equations 21
and 22 can be included into the tree level potential through the redefinition of ξ and λ. Hence,
the full thermal effective potential is given by:
VT (h, χ) =
λ(Λ)
4
[
h2 − v
2
ew
v2χ
χ2
]2
+
∑
i
ni(−1)2si+1
[
m4i
32pi2
log
αχ
mi
− 1
2pi2
T 4Ji(m
2
i /T
2)
]
(23)
where i runs over all relativistic particles, ni is the number of degrees of freedom of the corre-
sponding particle, si is the spin and Ji(y) is JB(y) for bosons and JF (y) for fermions.
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